





In bringing before the Public the Yiuret Number of The Cambridge 
Mathematical Journal, it wili naturally be expected that we should 
say a few words, in the way o: freface, on the objects we have in 
view, and the means we intcud to adopt for carrying them into 
effect. 

It has been a subject of regret with many persons, that no proper 
channel existed, either in this University or elsewhere in this 
country, for the publication of papers on Mathematical subjects, 
which did not appear to be of sufficient importance to be inserted 
in the Transactions of any of the Scientific Societies; the two 
Philosophical Journals which do exist having their pages generally 
devoted to physical subjects. In this place in particular, where 
the Mathematics are so generally cultivated, it might be expected 
that there would be an opening for a work exclusively devoted to 
that science, which does not command much interest in the world 
at large. We think that there can be no doubt that there are many 
persons here who are both able and willing to communicate much 
valuable matter to a Mathematical periodical, while the very ex- 
istence of such a work is likely to draw out others, and make them 
direct their attention in some degree to original research. Our 
primary object, then, is to supply a means of publication for 
original papers. 

But we conceive that our journal may likewise be rendered useful 
in another way—by publishing abstracts of important and interest- 
ing papers that have appeared in the memoirs of foreign academies, 
and in works not easily accessible to the generality of students. 
We hope in this way to keep our readers, as it were, on a level 
with the progressive state of Mathematical science, and so lead them 
to feel a greater interest in the study of it. For this purpose we 
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2 Preface. 


shall spare no pains in selecting the most useful and important 
papers from which to take abstracts for the benefit of our readers, 
while we shall put them in such a form as to make them available 
in the studies of this place. At the same time, we shall endeavour 
always to have such a variety of subjects treated of, that all classes 
of students may find in our journal something which may be useful 
to them. 

Our intention is to publish only one Number in each term, which 
for many reasons we think preferable to a more frequent appear- 
ance. Those gentlemen who intend to favour us with their com- 
munications, are requested to send them, addressed to the Editors 
of the Journal, to our publisher, Mr. E. Johnson, Trinity Street. 


Trinity College, Oct. 1837. 
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I.—NOTES ON THE UNDULATORY THEORY OF LIGHT. 
[No. I.] 


Tue following demonstrations of some Theorems in Fresnel's 
Memoir on Double Refraction, are not offered as part of a com- 
plete treatise on this part of the Undulatory Theory, but merely 
as shewing that some of the remarkable propositions deduced by 
that author may be conveniently proved by a shorter and more 
direct analysis than that which he has employed. Fresnel generally 
makes use of a mixed Geometry, which was perhaps the best method 
for establishing his theorems at first; but as his proofs are often 
tedious, it seems desirable to obtain demonstrations more suited to 
the general style of mathematics in researehes of this kind. 

1. We shall begin with a demonstration of the existence of a 
system of three axes of elasticity—a proposition on which the whole 
theory of double refraction depends, and which Fresnel has proved 
by a method which has the advantage of geometrical distinctness, 
but which is long and rather difficult to follow out on that account. 
The proposition is thus stated:—Jn any system of particles acting 
on each other with forces which are functions of their mutual dis- 
tances, there are three directions at right angles to each other, along 
which if a particle be displaced, the forces of restitution will act in 
the same direction. 

Let 2, y, z be the coordinates of the attracted point, 

Ly Yp Zp Ly Yy Z% +--+ be the coordinates of the attract- 
ing points, 

Ty Ty Ty cececes the distances between the attracted and 
attracting points, 


$\(71)> Pal 7a)s $(75)s .... the attractions, 
X, Y, Z, the total resolved forces along the axes ; 




















4 Notes on the Undulatory Theory of Light. 
then we shall have 

X= <— o(7,)) + 2 ou p+» 
And similarly ie Y and Z. Now let 


R = — Y/o(r)dr. 
AR 
Then X = — = 0, | 
dx | 
Y= dR = ¢, § when the particle is in equilibrio, 
dy 
_ dR aiid J 
, 3, = 


Let the particle receive a small displaceme nt, the projections of 
which on the coordinate axes are dx, éy, 6z- Then supposing the 
displacement to be very small, the force of restitution may be taken 
as proportional to it, so that we have 


Kece? ee. oy oe de 
dx? dx dy * dx dz 
’ aR . aR AR . 
y = dy da Cor 4+ dy oy dy oe 25 


: @R. @R . RR. 
Z= e+ : 
dzd. dx* 
Now the force of restitution will be in the direction of the 
displacement, if X, Y, Z, be proportional to éa, dy, éz. Let then 
X Y Z 
eee 


cx Oy oz 


— oy — oz 
dz dy * dz 


Then putting 


eR @R @R : 
dg ~~” dy? _—— alias 
AR _ @R A’ fk @R ,, @R aR. 
dzdy dydz ~~’ dzdx~dadz ~~” ~dxdy dydx—’ 


and substituting in the former equations, they become 
(A—s)éix + Ccy + Biz = 0, 
Cox + (B—s)cy + A’dz = 0, 
Bix + A’dy + (C—s)iz = 0. 
Eliminating dx, dy, dz, by cross multiplication,* we obtain, as 
an equation of condition, 
(A—s) (B—s) (C—s) — A2(A-—s) — B?(B—s) — C2(C— 
+ 2A'BC’ = 0. 
This is obviously the same equation as that found in investigating 
the existence of three principal diametral planes in surfaces of the 


* For an explanation of this method, see the last Article in this Number. 
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second order, as well as of the three principal axes of rotation. As 
it is a cubie equation, it has at least one real root. Let us suppose 
that the axis of z is that which corresponds to this root, so that a 
displacement along it produces a force of restitution acting in the 
same direction. In this case A’ and B’ will vanish, for A’ is the 
force along the axis of y arising from a displacement along z, and 
B’ is the corresponding quantity for 2 The equations are thus 
reduced to 
» Y 
(A—s) + C = 
: Ox 
(B-s)+C' =0. 

Eliminating s, we get 
()*4 A—B cy 1=0 
Ox C’ oa — 


The last term of this quadratic being — 1, the two lines whose 


= QO, 


ox 
angles to each other, and as ¢z = 0, they are in the plane of ay; 
consequently there are three directions at right angles to each 
other, along which, if a particle be displaced, the force of restitution 
acts in the same direction. 

2. The next proposition we shall prove, is that for determining 
the velocities of the waves of light in a crystal. But it will be 
necessary first to recal Fresnel’s construction for finding them. 

Having proved, as we have just done, that in every crystal there 
are three axes of elasticity passing through every point, it is a 
natural supposition, confirmed by experiment, that these axes are 
always parallel to fixed straight lines. Take therefore these axes 
as the coordinate axes, and let the forces excited by displacements 
equal to unity in these directions be a?, b?, c2, respectively. Then 
if a particle receive a displacement = 1 in a direction making 
angles X, Y, Z, with these axes, the resolved parts of the displace- 
ment will be 


rue tees : . cy , 
directions are determined by the two values of = are at right 


cos X, cos Y, cos Z, 
and the resolved parts of the force will be 
a? cos X, & cos Y, c? cos Z; 
so that if f be the whole force, 
f= Va" cos? X + b4cos? Y + c4 cos2Z, 
and the cosines of the angles which its direction makes with the 
axes are 





acosX BeosY cecosZ 
- me © 


JS f f 
and the cosine of the angle between the direction of displacement 
and the direction of the force of restitution will be 
a2 cos? X + bcos? Y + c2 cos?Z 


7 





* 
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And if the force be resolved along, and perpendicular to, the direc- 
tion of the displacement, the former part will be 
a? cos? X + &2 cos? Y +4 ce? cos? Z. 
If now we construct a surface whose equation is ‘ 
72 = a? cos? X + 62 cos? Y + ce? cos? Z, 
and a particle be displaced along any radius, the square of that 
radius will represent the resolved part, in that direction, of the 
force of restitution. This surface is called the surface of elasticity, 
and its equation between rectangular coordinates evidently is 
@24+RPyYr+e82 =r = (a2? + 7? 4+ 2’) 

When the part of the force which is perpendicular to the direc- 
tion of displacement is also perpendicular to the front of the wave, 
Fresnel has shewn that it will produce no effect, and therefore may 
be neglected. But this will not generally be the case, and therefore 
this force will be equivalent to two others—one perpendicular to 
the front of the wave, which may be neglected, and another in the 
plane of the front of the wave, which will have to be compounded 
with that in the direction of the displacement; so that, in general, 
the total effective force will not be in the direction of the displace- 
ment. It will be shewn, however, that in every plane there are two 
directions at right angles to each other, in which, if a particle be 
displaced, the part of the force perpendicular to the line of dis- 
placement will also be perpendicular to the plane. If a displace- 
ment take place in any other direction in that plane, we may resolve 
it in those two directions, so that the forces excited will be in the 
same directions and proportional to the squares of the correspond- 
ing radii of the surface of elasticity, and vibrations parallel to these 
directions will traverse the medium with velocities proportional to 
the radii. 

To prove the existence of these two directions, let 

lx + my + nz = 0 
be the equation to the plane of the front of the wave, 
lx + my + nz = 0 
the equation to a plane passing through the directions of the dis- 
placement and of the excited force, so that 
U cos X + m'cos Y + n' cosZ = 0 ......... (1), 
and 7 a?cosX + m'b? cos Y + nc? cosZ = 0 ......-. (2). 


In order that the part of the force which is not in the direction of 
the displacement may be perpendicular to the front of the wave, 
these two planes must be perpendicular to each other; therefore 
Ul’ + mm’ + nn’ = 0 .........(3). 

Eliminating 7, m’, n', between these three equations, by cross 

multiplication, we get 
(b? —c*) Leos Y cos Z 4 (c?—a?) m cos Z cos X 

+ (a?—b?) ncos X cos¥Y = 0 ......... 
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which, together with the equations 

Zcos X + mcos Y + ncosZ = 0... .....(5) 

cos? X + cos? ¥ + cos?Z = 1 ......... (6), 
determine the angles X, Y, Z, and therefore the direction of the 
displacement. 

These directions are the same as those of the greatest and least 
radii of a section of the surface of elasticity made by the same 
plane. For to determine these we have the equation 

r2 = a? cos? X + 62 cos? Y + c2 cos? Z, 
with the condition dr = 0, and the equations (5) and (6). 
Differentiating, we get 
a? cos X d cos X + 62 cos Y dcos Y + ec? cos Z dceos Z = 0, 
ldcosX + mdcosY +ndcosZ = 0, 
cos X dcos X + cos Ydcos Y + cosZdcosZ = 0. 

Eliminating, as before, d cos X, d cos Y, d cos Z, between these 

three equations, we get 

(6?—c?) lcos Y cos Z + (c?—a®) mcos Z cos X 
+ (a? —b?) ncos X cos Y = 0; 

the same as (4), so that X, Y, Z, being determined by the same 
equations in the two cases, the resulting values will be the same in 
both. Hence, in order to find the velocities of the rays of light 
in passing through a crystal, we have merely to determine the 
greatest and least radii of a section of the surface of elasticity. 
This may be effected more readily than is done by Fresnel, in the 
following manner. 

Let f= at at + Py? + CF 2% 00. ...00 (1) 
be the equation to the surface of elasticity, where 

Po xe a8 pg? 8? on. ccccrcce cee eee(B)s 
and let the surface be cut by a plane 
O = Le 4 MY HME rrcrcecerseeeee(B). 

When r is the greatest or least radius in the section made by this 
plane, we have the condition dr = 0. Differentiating the three 
equations with this condition, we get 


0 =a? adx + By dy + Cz dz ......... (4) 
O= «rdu+ ydy+ zdz.........(5) 
0 Idx + mdy+ ndz......... (6). 


Then A(6) + B(5) + (4) gives, on equating to 0 the coeffi- 
cients of each differential 
Al + Ba +a2z =0 
Am + By + by = 0 
An + Bz + c?z 0. 
Multiply by x, y, z, and add, considering the conditions (1), 
(2), (3). Then we have 
Br? + rt = 0, 


I] 


or B = — r?; 
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therefore substituting 
Al = (r?-a®)a, Am = (r?-8)y, An = (7? ce?) 2, 
Al Am An 


y = z= 


or « = =>. “ 
72... bh r2—c2 





r—ar 
Multiply by /, m, , and add; then, by the condition (3) we have 
i2 m2 n? 
ps —= 0, 
. r2— §2 + 


r2— aq? 72 —¢2 


a quadratic equation inr?from which two values of r? may be found, 
and thus the velocities determined. 

It is easy from this to determine the equation to the wave surface, 
for it is the locus of the ultimate intersections of planes the per- 
pendiculars on which from the origin are determined by the above 
equation. Calling the perpendicular v, it will therefore be deter- 
mined by the following equations : 





de f- My sf RZ SH OH on. sesecs (1), 
b m? n? 
and - ao ee cSecaave 2 
, v?— a? + v2— 6? ve—¢ (2) 
where 24+ m? +n? = 1 ......... (3). 


For the process employed the reader is referred to the Cambridge 
Transactions, vol. vi. part I. But we may.add here a method of 
finally eliminating /, m, », and v, which is somewhat shorter than 
that employed there. 

Having found that 

a(a?—v?) = W(a—r), y(P-— vr) = mv(B —72°*), 

z(c?~—v?) = nv(c? — r°), 
substitute the values of /, m, n, given by these equations in (2), 
which then becomes 
a2 (a?—v?) y? (b? v2) 22 (c? eal v) 
= 





a? —r Per cr’ 
also, we have 

x? + y? 4+ 22 = 7? .,,,,.....(5). 
Subtracting (4) from (5) we get 


jt ; Esl \ (v2 72) = — 
\at%—r2 * Fry? cy? | #) = — (F—#), 
x2 y? 2 
r =) at Rp a 22 ~ oe | eee (6), 


which is one form of the equation to the wave surface. The form 

used by Fresnel may be easily deduced by combining equations (4) 

and (6). For if we split each term of (4), it becomes 

az x2 bh yz c2 22 7 f wy? y* 22 } 
F x 2 


_ 





at—r? he —r cr? la —r Bp? x? 
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which by the condition (6) reduces itself to 
ata? = By? ~— 2 2? 
Gr R Pon * axa 
in which, if we substitute 2? + y? + 2? for r?, and multiply up, 
we shall obtain Fresnel’s form of the equation. 


oe is 


I1.—ON THE EQUATION TO THE TANGENT OF 
THE ELLIPSE. 


In the usual method of finding the Equation to the tangent of an 
Ellipse, the point of contact is given, so that the required equation 
involves its coordinates, and if we wish to deduce any general 
properties of the tangent, independent of the particular point of 
contact, we have to nine ate two quantities, which necessarily 
renders the operation of elimination troublesome. This may be 
avoided by finding the condition that a line should be a tangent to 
an ellipse without specifying the point of contact. For by this 
means only one indeterminate quantity is introduced, the elimi- 
nation of which is generally easily effected. The quantity chosen 
is the tangent of the angle which the tangent to the curve makes 
with the axis of x. 


Let y= az + £.......... (1) 

be the equation to a line cutting the ellipse 
a 2 

= i Rr 2). 

a” B (2) 


If we substitute the value of y from (1) in (2) we obtain a quad- 
ratic equation in x, the roots of which are the values of x at the 
two points where the line in general cuts the ellipse. If the line 
become a tangent, these two values of 2 must be equal; and on 
making the condition that the quadratic in x shall be a complete 
square, we obtain, as an ee of condition, 

= Vara? + a? + B 
Hence the ers od the tangent to the ellipse may be put 
under the form 
Y Hat t AQ IAL BR verve (3), 
where a is the tangent of the angle which the line makes with the 
axis of x. 
This form of the equation is not new, for it is given by Mr. 


Waud, in p. 73 of his Algebraical Geometry. But that author 
“ 
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does not seem to have observed its use in deducing several of the 
principal properties of the Ellipse. Some of these applications we 
shall now give. 
1. To find the locus of the intersection of two tangents to an 
ellipse, which are at right angles to each other. 
By (3), the equation to the one tangent is 
y= ar + VQ +h 


the equation to the other, which is perpendicular to it, is 


1 a 
j=- tata + b, 
a a2 
o ay=—@t@+V¥n phe. 
Transposing, squaring, and adding the two equations, we have 
(1 +e) (a? + y?) = (@ + &) (1 + a2), 
whence a2 + y* = a? + 6 
2. To find the product of the perpendiculars from the foci on 
the tangent. 
The coordinates of the foci are 
zx=ae,y=0. r= —-a,y=0. 
Therefore the length of the perpendiculars p, po, on the tangent 
y=ar+ Va a ob b, 


72 


_ aae + Vc a2 + 82 _ aae + VQ o+n 








are py = 


'p— ——— 








V7 + a? Vj > a 
therefore 
ee +h — a? e? a? aa? + B — ara? + 8 a2 ; 
Py P2 = 9 <= : = 6. 
l+a 1 + a? 


3. To find the locus of the extremity of the perpendiculars from 
the foci on the tangent. 
The equation to the tangent is 
y = axr+ Va a2 + &. 
The equation to the perpendicular on it from the focus is 
] 
y = — - («x — ae), 
‘ a 
or ay = —x+ Va? — 6. 
Transposing, squaring, and adding, we have 
Q+e@)(’+y7)=(14+e@)a, o 2&+yr =a 
We shall not proceed to show how by the same means we can 
find the locus of the perpendicular from the centre on the tangent, 
or how to prove that AT. at = b? (Ham. Con. Sec. p. 108). as 
our readers can easily do so for themselves, 
The analogous properties of the hyperbola may be proved in the 
same way by the use of the equation 
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y=ar+ WV a2 a2 — b+, 
and those of the parabola from the equation 


m 
y=art~- 
a 


But we need do no more than indicate this, as the method is 
the same as in the ellipse. 


O. 


Ill.—ON GENERAL DIFFERENTIATION. 


Tur idea of differential coefficients with general indices is not 
modern, for it occurred to Leibnitz, who has expressed it in his 
correspondence with Jean Bernouilli. Euler has written a few 
pages on this subject, which Lacroix has copied into his large work 
on the differential calculus. Formule for expressing the general 
differential coefficients of functions by means of definite integrals, 
have been given by Laplace (Théorie des Probabilités, p. 85, 
3rd edit.), by Fourier ( Théorie de la Chaleur, p. 561), and by Mr. 
Murphy (Cambridge Phil. Trans., vol. 5.). But it appears that 
the only person who has attempted to reduce the subject to a 
system, is M. Joseph Liouville ; three memoirs by whom,—one on 
the principles of the calculus, and two on applications of it,—are 
inserted in the 13th volume of the Journal de I Ecole Polytech- 
nique, for the year 1832. Professor Peacock, in his valuable and 
interesting Report on certain branches of Analysis, which forms a 
part of the Report of the British Association for 1833, has spoken 
of M. Liouville’s system as erroneous in many essential points, 
and has given a sketch of one very different. But after referring 
to M. Liouville’s memoirs, and bestowing considerable attention on 
the subject, we have come to a contrary opinion, at least with 
respect to his conclusions, which are the same for the most part 
as will be found in this article. Some points in his theory we 
admit to be objectionable, and these we have altered. 

2. The transition from differential coefficients whose indices are 
positive integers, to those whose indices are any whatever, should 
be made in the same manner as the transition in algebra, from 
symbols of quantity with positive integral indices to those with 
general indices. Before we can prove any equations involving 
du . . . P 
= where a is general, we must affix a meaning to that expression, 
which can only be done by making some definition or assumption 
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respecting it. The assumption ought to be such that our results 
may coincide with the known results of the differential calculus 
when a becomes a positive integer. We shall therefore assume 
that the following equations, proved for differential coefficients 
with positive integral indices, hold true for differential coefficients 
with general indices : 


d*(u + 2 d*u dy ve(A), 


dat dat * dax’” 
1x 1° 1218 
5 u i ee Cl 
dxt dx? dae 
d» du ‘hi d*u ' 
- : rere (.) 


da . dys dip » ™ aii 


3. From equation (A) it follows that if @ be a constant, 





d*, au du 
— GC a= 
dat da* 
When a is a positive integer, this is very easily proved by making 
v =u, Qu, 3u,..... to (a —1)u, in succession. Next, let 
azéh p and q being positive integers. Then, by the former 
q ‘ 
case, 
? ) 
da u da,q J u 
q q d*, pu d*u 
¢ — =e Se <S—eps i 
4 dat dat da P dat 
therefore 
) 
dsb x 
q p d*u 
dy ~ q da 


The proposition is also easily proved for a negative constant by 
assuming, in equation (A), » = — uw. It seems that it cannot be 
proved when a@ is not a real quantity, but we shall extend the 
proposition to this case by assumption. 

4. From equation (B) it may be easily deduced that 

P. 

di dPu 

dec v= dx? 
p 


that is, that the operation denoted by di is such, that being per- 
P 


dxy 
. . . . ; du 
formed g times in succession upon wu, the result will be qa" 
x 
The same equation also enables us to interpret the meaning of 


oi 


> ae being an integer, for by making a = — x, and B =”, in 
az ¥ 


equation (B), we have 
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dad" du du 
—$ ———  — — = Uh; 
da~™ dx" dx° 
d-* ‘ 
whence it follows that —— is the inverse of the operation —. 
da" da" 


; alee ' . 
But we know that the inverse of qn 8 the n‘" integral with respect 
* 


a= 9 


ie 
to 2, therefore —— denotes the n" integral with respect to z. 


dam" 
5. The most important conclusion to be deduced from (C) is 
obtained by supposing 6 = — 1, whence 


( d*u 


da | 
z= Judy = | ow du. 


In deducing this formula the integral has been supposed in- 
definite : but it is easy to see that differentiation, under the sign of 
integration, is also allowable when the integral is taken between 
limits, provided that neither of the limiting values of y involve the 
parameter a. 

6. Since, as has been shown in § 4, general differentiation includes 
integration as a particular case, and since the complete expression 
of an integral involves arbitrary constants, it follows that the com- 
plete expression of a general differential coefficient must involve 
arbitrary constants. We may express this by saying that the 

d+0 ‘ , 
general value of yd is not 0. It is evident also, that we may 


introduce the proper arbitrary constants into any expression in- 
, du ; : _ dO y 
volving ——, by adding to this quantity —, which we shall call 
dx da# 


with Liouville the complementary function. We may therefore neg- 
lect the complementary function in investigating general formule. 
Its form will be investigated hereafter. 

7. We proceed to investigate the values of the general differential 
coefficients of various simple functions, and shall begin with e”*, 
because the result is easiest to be obtained, and may be made the 
foundation of all the rest of the calculus. 


Put y = e™, 
then y satisfies the equation 
dy 
= = wy = 0 
dx y 


Hence by equation (A) and § (3) 
d= dy dry 
—— 





pasa ? 
da dx dx 
de dy _ detly d dty 


daz dx dax*! dx dax 


By equation (B) 
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dy d% 
therefore —- «e218 m 0, 
v dix dx 
d% 
whence “/ C ec". 
dx 
p re 
Leta = Ff then, by § (4), 
q 
p nx 
Cq grt — ae - MP g"7, 
dxP 
whether p be positive or negative. Hence C = n?, and 
d* nt 
harper Pere retry (|) Ss 
dit ) 
8. Since, if x be positive, 
1 een 
— See 'tdy, 
Zz 
d« | 


tae | 


" (— yd. 


Let y « = 6, then the integral is changed to 


] 


avita 


(—1). 





[ee 9°d0. 


If we designate, as Legendre has done, the definite integral 


So eE 9 6* ' dd, 
we have then 
d« 


dxx x 


2 oes ] 
= (—1. (1+). zit 


by I'(a), 


We have supposed 2 positive, but since the formula is not altered 
after changing x into —z and reducing, it holds whether 2 be 


positive or negative. 


d« 
9. To find the value of — 
dx*" x 


1 ‘ 
= we proceed as follows ; 


Supposing 2 positive, and making ya = @ in the definite integral 


@eonlr 
0 € 
we find, 


7" 


1 dy, 


_ 1 
[ee? yh dy = —. foro" do = T(r). 5 


Therefore 
I a Re y"! dy 
i I (2) . 
ds ] a ine” ( ee y* y" 1 dy 
deat =F ny 








J 
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and by making ,# = @, 
el , i (m+a) 1 
"Tay ant 

The remark at the end of the last section applies equally to this 
expression. 

10. We shall digress to prove a few of the most important 
properties of the definite integral I (vz). It is the second of the 
Eulerian integrals, as Legendre has called them, from their having 
been first treated of by Euler. It may be put into other forms 
beside /2«~° 9"! dd, for by making «~’ — a, this becomes 

"\ 1 a1 
| (log :) dx; 
-0 & 
again, by making 6” == z, the former expression becomes 
Bb a 
— [%e-2n dz. 
n Ive 

11. The first of the properties of the integral in question is, that 
if x be positive, 

Dae) SE) oo i caivzs (G). 

For, integrating by parts, 

Se 6" do = — 90" 4 n fe 9 O"' d9, 

Now the integrated part vanishes when 6 = ©, and also when 
@ = 0, provided 2 be positive ; hence, in this case, 

T(1+n) = nI'(n). 

If n = 0, the integrated part becomes —1] when 6 = 0; and 
if zm be negative, it becomes ©; so that in neither of these cases the 
equation (G) is true. 

It follows from equation (G) that if r be any integer less than 
1+ 2, 

C(1+4n) 

'(142—r) 

If x be a positive integer we may make r = 2; whence, ob- 
serving that '(1) = /)°e~’ dd = 1, we find 

VT (1+2) = 2 (m—1) (m—2) 0 ee Ded wrcceeee (1). 

12. It is desirable to examine what I’ (”) becomes when 7 is 0 
or negative. For this purpose, let it be observed that the integral 
See? or! do 

is equivalent to the infinite series 
48 (dd)"-" do + « 24 (2d0)"—! dd + <~%49 (3d0)—'! dd + ..... 
or I (9) == $e, 19? W008, Qevl 4. e900, Semi... 3 (8). 

Now as long as 7 is positive, the sum of the series within the 
brackets is infinite, but it is multiplied by the infinitely small 
quantity (d0)"; there is no reason therefore why the value of the 


= n (n—1) (n—2)... (m—r+1)........ (H). 
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expression should not be finite. When 2 = 0, the above expression 
for T' (n) becomes 
— log (1—« “) — log O oC. 

When » is negative, the series within the brackets becomes 
finite, but it is multiplied by the infinite quantity (d0)", therefore 
['(n) is infinite when ” is negative. It may be remarked that 

; saa Te rim) . 
though (0) and '(—2) are both infinite, a5) is 0, because 
—n 
(da)" log (1 —e~%) is 0, however small ” may be. 
13. To prove that 
C(m). 1 (x) m 
Se BS ol od 78 
UC (m+n) \n/ 


m , . ° > 
where (™) denotes /,'(1—a)™'a" 'dvr, which is called the first 
n ‘ 


Eulerian integral. 
We have 
U(m). 0 (n) = [Pe 7 a "de. fee¥ y™"' dy 
ae fPfee 88 a of" de dy: 
change y into xy, and dy into ady, then the last expression becomes 


J 0/0 er ity) etn — dx dy. 


’ s x ? dx E 
Change z into and dx into _ then this becomes 
1+y ]- 


n-} 
“oe [fe —r” mwm4-n— y 
Solo 2 i TE yy dx dy 


fee* gimtn Idr. 3 . dy. 
Jo ' ] + ye . 
The first factor is [ (m4); the second is to be transformed as 
follows. Assume 1+y = _ ,» then dy = 7 ds » andy = ~ 2 
= (22) —z 
when y = 0,2 = 0, and when y = ©,z2=1. Hence 


a y” 1 
_ am f % m=lLen ld> — [ —}. 
Jo (1+y)™ gdy=/, (1-2) - dz = (=): 
and the proposition is manifest. 
Supposing mand x, which are in general fractions, to be reduced 
: gp 
toa common denominator, and to be equal to  & A and changing z 
rr 
into x”, the integral 
; ss 1 aP—dz 
SQ —z)"™—1 2-1 dz becomes r | ——— 7 
° (1-2a")" T 
which is the form adopted by several writers. A good many of its 
properties are proved in Hymers’s Integral Calculus. 








On general Differentiation. 17 


14. Let n = 1 — m, then [' (m+ xn) becomes 1, and the 
equation just proved becomes 
C(m)T(l—-m) = i? (l~z) "i" 2-™ dz; 
the value of which integral is _* , if m be between O and 1. 
sin mr 
The following is a new method of finding it: 
Let z = (sin 6)?, then 1—z = (cos 0)’, dz = 2 sin 0 cos 0 dd, 


when z2 = 0, 6=0, and whenz =1, 0= =: 
Hence /,\( 1-2)" 2-™dz = 2 f (tan @)'- ** do. 
; ; ji inca? . . . 
If we put for tan @ its value it is evident 
af... | l+e-¥ te ee 
J~eov=i 2? —_ ; 
that { __ may be expanded in the form 
1+e-v=i 20 
1+ A,« V1 4 Aye V=149 + 
= 1+ A, cos 20 + A, cos 40 +..... 
-V7=1 (A; sin 20 + A, sin 40 +..... ys 


Also, (V1 yi = cos (1 ~2m) & + ¥Y —1 sin (1 Im) 5 = 


= sin mr +4 eat COS Mr. 
Substituting the series, multiplying by the above value of 
(7 — )'-2", and equating real parts, we find 
sin ma J 3 (tan 9)'-2"da wf (1 + Ajcos 20 + A, cos 40 +...) d0 


T 
2 


since the periodic terms vanish at each limit. Hence 


TE (m) T (l—m) = ——— .....000000. (LL) 
sin mr 
It is necessary that m should be less than 1, otherwise (tan 0)'"?"d0 
would not be infinitely small when 6 is so. 


‘ ; ni* 
15. In equation (L), put m = 5 therefore (3) = 7, and 


2 
(3) = yn. 
Hence, by aaa (G), § 11, we find 


é 5 3.1 
i (5) = a Vv I (5) = Qe / 7; ° 


. (*# ‘) oa ante BS eee Sel te 


rT 
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16. We now return to our subject of general differentiation. 
Our readers will find no difficulty in applying equation (H) to 


, , . _& 1 , 
obtain from formula (F) the known values of a 3 when a is an 
dx* x 
integer, positive or negative, provided that x + a be positive. 
But that formula must not be extended to cases where x or n + a 
is negative. For it depends upon the equation 
eo —_ 
1 _frrrty dy. 


a : ie 








: ] ; 
which represents the developement of — in a series of exponentials ; 
x 


and the infinite value of I(r) when r is negative shews that a 
positive power of x cannot be developed in such a series. We 
cannot therefore rely upon results which are obtained by supposing 
this equation true for negative values of r. But, without supposing 
formula (F) to hold when the index of 2 on either side is positive, 
we may deduce from it formule to suit such cases. 





d* a" , ee 
17. To find — when x is positive and n — a negative. 
By formula (f°) 
d* 1 at 1 Yas ty (n + a) ] 
dx an — / T(x) gntas 


where we suppose, for convenience, 2 to be between O and ]. 
Integrate both sides p times, p being any number less than x + a; 
then the first side becomes 


d= sp 1 i? = - ~~ Sa _ & _— 
zx! x” ax ~(1l—-n) (2—n).. (p—n) daa” 
'(l—n) . de 
TU + p—n) dg 
and the second side becomes 
r(m +4) /_)) I 
- Jit AF (Om WS ' oF 
(ts r(n) (—1) (n+a—1)(n4a—2)..(n+a—p) x*te-P 
ia eee 


I (n) arta-P’ 





wherefore 


- aP—" = (— 1)«tP, C(1 + p—n)C(a—p + nm) ] 


da T(n) Tl (—n) ge-Pte 5 


but since » is between 0 and 1, by equation (L), 





(n)TA—2)= —— te (— 1)P7} 


sin 27 


sin (p —n) 7 
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Making this substitution, and changing p—~ into n, 


d= x sin 27 


l 
— sn wl, Seen ‘ Y ’ —_— . — be 
— a (- 1) = CV(1 +n). 0 (a—n) gaan (M) 


18. From this formula we may immediately deduce one for the 
contrary case, namely that where the index of x is negative before 
differentiation and positive afterwards, the index of differentiation 
being negative. For, affecting both sides of the last equation with 


——?’ and dividing by the constants, 


da~* 
d= | , T ss 
—_— -———s— = — ro: = @ 
dx~% ya-™ ( ’ sinna (1 +2) I (a—n) 


and changing a — x into x, and therefore 2 into a — n, 
d= | T ‘ 
= (—1 tt. —__—_—_.—\}. ss o—* 

sin(a—n) a, U(1+a—n) T(x) 

19. It remains to find a formula for the case where the index of 
x is positive both before and after differentiation. For this purpose 
suppose a~n to be between 0 and 1 in formula (M), then the first 
side becomes 

] dante =O (142) det? 
(n4+1)(m 42)... (m +p) da V(l+u+p) dz ° 
and on the second side the index of 2 will become p + x—a, and 
it will be multiplied by 
] (il —a+n) 

(l—a 4+ 2) (2—a 4 n)...(p—a+ n) I'(1 +2 + p—a) 


Therefore 


ae-® (NN). 


du-e x” 








d® a:"*P sin 2 zr 
iene Sine = 2 ee 
da ( ) T 
T (a—n). C(l-a + n) rd le P) ° gP tT", 
' “T(L 42 + p—a) 


Now 


Tr us 





hie—acr Le 4 PL en, Le “= ’ 
(a—n). 0 (1—a+n) = sin(a-n)x  (— 1)P*'sin (n-+-p—a) = 


and sin an = (— 1)p sin(x-+p)7. Substituting, and changing 
n + p into x, we find 


d2 ax” sin 7 r(l +2 
— =(— 1»... Ponts aa ac OP Fe cua (O). 
dx sin(z—a)r I'(1 + ~—a) ; 


This formula may be easily shewn, by the same process as in 

§ 18, to be true when a is negative. 
si , ‘ sin 27 1 
The factor in the last expression, (— 1)*-—————-, is re- 
sin (w— a) x 

markable for becoming equal to unity whenever a is an integer, 
while it admits of any value between + © and — @ when a is 
fractional. 
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20. The most important features in the formulae just investigated 
are the sines of multiples of the semicircumference. From formule 
(M) and (QO) it follows that the differentials to fractional indices of 
positive integral powers of a2 are nothing; and from formula (N) 
and (O), that when the index of « is fractional before differentiation, 
and a positive integer after it, the differential coefficient is infinite. 
It is true that in the investigations we excluded the cases of the 
index of a being integral before or after differentiation, but that 
was only for convenience. In order to find the results in those 
cases, it would be necessary, where we supposed the index of a to 
be between 0 and—1, instead of that to suppose it equal to—1, 

x , fda : 
and by considering that D’ as_a value of Py is not false, but only 
differs from the value log 2 by an infinite arbitrary constant, and 
d= x" 

that our object here is to get the value of — in the form M 2"; 
we shall see that our formule (M), (N), (O), give the right results 
in the above mentioned cases. The only restriction upon the gene- 
rality of the formule is that we must not make quantities under the 
sign I’ negative or nothing. 


. P : eo ‘ 
21. It is desirable to obtain a formula for — which shall be 
da 


generally true whatever be the values of a and ”. This may be 
done, though not in terms of the function I. 


Assume 
day” 
stl —_— M gene : 
da 
and take the (x — a)" differential coefficient of both sides, therefore 
d"x" d"~4 y*-« 


dx” =\ dx"-« 


7" a" X : z . 
The value of — is independent of x; let it be represented by 


P (n), then we have 


P (x) 
aS ; 
P (n — a) 
and 
nm > / an ' 
ah S.A (P) 
dz*# ~— Pin— a) 


It appears from formule (N) and (QO), that the value of P (2) is 
infinite in every case except when x is a positive integer, in which 
case it becomes 1. 2. 3....%. It will in all cases possess the 
property 


P (nxn) =n P (n—1). 
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22. We are now enabled to assign the form of the complemen- 
tary function. The quantity which is to be added to the a!’ 
differential coefficient of any function to render it complete, must 
evidently be one of which the (—a)" differential coefficient is 
nothing. But we have seen in § 20, that the fractional differential 
coefficient of a power of x vanishes when the index of that power 
is a positive integer, and in no other case; consequently the form 
of the complementary function is 

Co + C,7+ Cia? 4..... 
the number of terms being indefinite when the index of difieren 
tiation is a fraction. 
S. S. 


IV.—ON A PROPERTY OF THE TRIANGLE. 


Tue following property of a triangle is remarkable not only for 
the curious relation between certain lines, but for its leading readily 
to two elegant theorems regarding the radii of the circles which 
touch the three sides of a triangle. 

Let x, y, z be the perpendiculars from any point on the sides of 
a triangle, p, g, 7 the perpendiculars respectively parallel to them 
through the angles. Then 

x 


+24 

P q 
If we join the point, from which the perpendiculars are drawn, 
with the three angles, the whole triangle will be divided into three 


triangles, which have the sides of the triangles as bases, and the 
lines x, y, z as their vertical heights. Let a, 6, ¢ be the sides of 


= 1 


SI 


P ax by cz , : 
the triangle, then v, = will be the areas of the three parts ; 


Q°2'2 
ax + by + cz 
o.0O0OCOC~*W 





and = area of whole triangle. 


; ap bg __ er 
Also area of whole triangle = ees * 4. 


Dividing the corresponding terms by these quantities we get 
x y Zz 
=~ ee +-=1. 
Pp q r 
This relation between the lines is evidently that of the coordinates 


of a plane which cuts the axes at points whose distances from the 
origin are p, q, 7 
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If the point were outside of the triangle, we should have to sub- 
tract one of the terms, such as ¢ z, so that the resulting equation 
would be 


x y zy 
Pp q r / 

Now let p be the radius of the inscribed circle, then taking the 
centre of this circle as the given point, we have 2 = y = z =~, 
and consequently 

l ] l ] 
Paiy ty 
Pp P q , 


Again, let p,, p,, p, be the radii of the circles which touch one of 
the sides of the triangle externally, and the other two internally ; 
then we shall have, by similar reasoning, 

ee ae 


~—-—o + 
P) Pp q 7 
] l l l 
-=>--—--+- 
Po P q T 
l 1 1 1 
oe 
P3 yO " 
Adding these equations together, we get 
1 l ] l 1 l 1 
-+-+-=>-+-+-=-. 
Pi Pg Py, P q 4 p 


It is obvious that similar theorems hold good for any tetrahedron, 
but it is needless to do more than indicate them. 


W. W. 


V.—ON THE SOLUTION OF LINEAR DIFFERENTIAL 
EQUATIONS WITH CONSTANT COEFFICIENTS. 


Tue following method of integrating linear differential equations 
deserves attention, not only as leading readily to the solution of 
these equations, but also as placing their theory in a clear light, 
and pointing out the cause of the success of the method usually 
employed. 

M. Brisson appears to have been the first person who applied 
the principle of the separation of the signs of operation from those 
of quantity to the solution of differential equations. This he did 
in two memoirs of the dates of 1821 and 1823, but we have not 
been fortunate enough to meet with them, (if indeed they have 
heen published), and our knowledge of them is derived from a 
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casual notice in a memoir of Cauchy on the same subject, in his 
Evercices, vol. ii. p. 159. This last author seems to have pursued 
a different course from Brisson ; and as it does not appear to be the 
best for putting the subject in a clear light, we have taken the 
liberty of deviating very considerably from his me tthod, and in so 
doing we have probably approached nearer to that of Brisson. 

If we take the general linear equation with constant coefficients 


d"y qd’ Vy d*- 2y > 
—- A—— , R - S; 
da” + da" +® da"? sia a Me li oe 
when X is any function of 2, and separate wat signs of operation 
from those of quantity, it becomes 
d” d” ae | d*- 2 d 
st Aes J Pee ieee = S)y = X. 
(3 dxu"—! dx*—2 + t dx + Y 
The quantity within the brackets involving only constants, and 
the signs of operation may be considered as one operation per- 
formed on y, and it may be represented by 


re : 
di (<.) y = La 


Here y is given at once explicitly if we are able to perform the 
d 


inverse operation of rz 
¢ 


) : For if we represent the inverse 


P d 
operation by the usual symbol f f (5 
4 C 


Lv \da 
operation on both sides, we get 


(s(SY: #(Qe= (sy 
+“ ite {J | (12)} * 


It is plain that its general form we cannot easily perform the 


— 
), , and perform that 


d 1 
inverse operation {s (z)} > but if we begin with a simple case 


we shall be easily led to a means of effecting it. 
Let us take the equation 


dy 
a 


d 
or, (1 + a)! = ax". 


= 
Now the inverse operation of (1 + i.) is ( 1+ =) _ There- 
' ™ 


fore 


@q\ 
= (1 ++ i) ae". 
dr 
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But as in integration there must be added an arbitrary constant 
which vanishes by differentiation, so here we must add a function 
: ‘ ’ ; or. . 
which will vanish when the operation (1 4 =.) is performed on 
dx 
it. This complementary function may be found from that con- 
dition, but the following moré direct method is perhaps preferable. 


‘ : . d ; Pate 
Since the result of the operation 1 + 7, 0M the function is 0, we 
dx 


may put the value of y under the form 


a\-* d\-' 
y= (1 -h in) anu" + (1 ob x) 0. 


Now if we treat the symbols of operation as if they were symbols« 
of quantity, we have 


d\~! d“\ da 
0o= = ] iaiiees 0. 
(1 + in) da! ( + =) 


d~-' . 
But is the same as /dx. Hence 
da! J 


d\-) / d-\\70 
Om fi C, 
(1 + ba \ + dae ) 
(C being the arbitrary constant arising from the integration ) 
" ig d= : 
eas fe em ee ere i.e 
= dz" dx 
or, performing the operations indicated, 


a x3 — 
=< (met 3-ppyt---) sce 


o 
1 


d 
Hence y = “ ie 4c. 
ence ¥ (1 of z) c tCe 
Now expanding the first term 


1 72 ‘fs 
= (1 + os 4+... .) ax" +Ce*, 


~ de * dx dx3 


Therefore 


y= a (a —nraz"'+n.n—la*2—-..... . + Ce-*, 


, A>... . 
As the operation (1 4- is) frequently occurs in these equa- 
dx 


tions it is convenient to recollect that we must always add the 
function C <«~*. And in the same way it would be seen if the ope- 


d\~\ 
ration be (« + x) the complementary function is C e~#7, and 
dv ; 


similarly for all Binomial symbols of operation of this kind. 
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' ; , : a ; dy 
Equations of the first degree, when the coefficients of y and Th 
dx 
are functions of a, are easily reduced to this case by a change of 
the independent variable. Let us take as an example the equation 
dy ny 
. oo 
de Vy) 4 x? 
V1. +a a d av it + x 
or {1 + = 
\ 


= da, 


n dx n 
n dx — 
Let Fi — = therefore - — = log (x + V1 | a); 
t / 
whence YW] | 2? = 1 (e" - @"), 
and the equation becomes 
, d z "ay; 
( + 5) y = e *¢ 
d\-(4 .: . 
therefore y = (1 + =) on (* +e ") + ce; 
or, expanding the first term, 
a ( d dz . “ -= , 
y= (1- Gt ese) te te 


] 
= “(1 am 1 $+ . &e.) en 
Qn n n* 


t 
+ a 1 + ] , 1 « ees 
- - —— a Geet € i ; 
2n n n 
t t 
" a =| a — 
therefore y = : “+ ce”; 


we - t + ~ - € 
2(n + 1) 2(n — 1) 
or substituting for ¢ its value in terms of a, 
y= (V1 4+ a2@+2)4+, VI + - 2) 
(2 = Qin +1) < 
+e(V1 + #242)". 

It is needless to multiply examples, as the principle of the method 
in the case of equations of the first order is sufficiently obvious 
from those given. But we will proceed to prove a theorem which 
is very useful, particularly in equations of the higher orders. The 
theorem is, that 


d n d\" : 
ccs ee xX = cr arf +ar > DS 
(3 - ) if (3) ' 


For, if we expand the first side, we have 


d n d” dr~\ ee q'-2 7 
(= + u) X= i + na —— + a ae 5 oe &e.) X. 


dx die" dy ' Py dan? 
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E , a a 
Now, + a? = er™ (; - er. 
dx. 

so that the second side may be put under the form 

ae d" d'-\ d' mn—1 de2 d'2 
e* ; n=——-. “ae . 

f= dx’ dz 12 dzx"-? dz 

(where the accented letters refer to «+ @", and the unaecented to X), 
and this is equivalent to 


an (4 EY sccy ac (4) cary 
”s (*. t 5) oe k= et (5) e= “7 X, 


by the Theorem of Letbnitz. 


+ se.) eter X, 


When X = ¢”*, the proposition takes the form 
(jd 


u 
eos + a gt m + a)” ez, 
\da ) ( : 


. " : ‘ d n 
By this theorem all operations of the nature of (5 + a) are 
i ax 


reduced to differentiation, or, as in the cases to which we have gene- 
rally to apply it 2 is negative, to integration. 


To return now to the general equation which we represented by 
_(d ; 
f =) y = X. 
/ \dx) 4 


sia .o(4\ , ' , 
rhe inverse operation of f (3; ) cannot easily be performed di- 
J \dz . 


, ; _(d 
rectly, but we conceive the operation f (<5) to be made up by the 
: 7 \z : 


ae . F : , , ‘ ; (4 
combination of 2 binomial operations of the form of {[— — a); 
\ar 
and, by what we have shown before, we can perform the inverse 
operation for each of these successively, and this will be equivalent 
) at once. For, 


d 


da 


to performing the whole inverse operation of r( 


treating the operation exactly as if it were a function of x of 


d 
dx 


the same form, we can resolve it into factors, so that it becomes 


(s ) & t ) ‘ d ) 
tae sea -_ — — — a, rc. - — G.I, 
de“) \de a.) dz ~ “3)" - " 


where @,, d,, @, &e. are the roots of the equation 
f(z) =0. 


; [od : 
Hence the equation f| — | y = X becomes 
“  \a@e 


‘ 2 / 
fe b a ) (5 a 7 (3 a ) as 
\ Fy a,) a ay 7 as) XC. de a,) ¥Y 
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dx 


fd d & d ) d “a x 
r= - as) oe ~— a,) we. de —-@a&)y= (= _- a,) d 
— a? [fe a,x 4 dx, 
hy the theorem prefixed, since in this case nm = — 1. 
: 1 l 
We should properly add a term (s - a,) O = ce"s*, but as 
i ax 


: es : ay | 
Now, performing the inverse operation of {— — a we have 
} be 1}> 


we may suppose the arbitrary constant to be included in the sign of 
integration, we may leave out this term for the sake of bre vity. 


\ 
»}> we have 


d ve (+ _— d . ar f,-2 X dr) 
(z : a,) a a,) Y = \dx a.) i ills 


eat f(% 4)" ( fe“ X dar) dr. 


d 
Again, performing the inverse operation of (i: — @ 
: 7 ax 


Integrating by parts, this becomes 


‘ -a ) hes (5, ~ ay) yw Ye Xe) ter (feta X dz) 
dx 3 . 


dx a,—a, a, — 4, 
eX ( Ser™ © X dx) ; eM" /( Ie Aya Xdv) 
= - - —- ——- .. 
a,~ ay a, — a, 
—— ; (da ; 
Performing the inverse operation of — a,), we have 
© dx 


—~ 


d ) , d . ’ 
— ae. — Gn} 4 
(5 ~~ t ) : 


Ps ‘ "(ete (fit X de) eo" (fectst X de)) 


\ de - 


\ 6. -— @, a, - - 
gg Ie My - Ay)a Mm fe r X dv) dv erat (f0r~ ay) fe Ayr 'Xda) 
a Mi a, dy a, 


And integrating each of the terms separately by parts, we get, 
as_ before, 


eit (Je aye i. dx) e937 (fe ayr : 4 dx) 
(a, - ~ a ») (a, — a) (a, — @, 2) (4 — a.) 
et (fe “at X dx) eat (fe Ant ’X dr) 
(a, ~ a,) (a, -- 45) (a, — a,) (a, — 4,) 
eit (fermi? X de) eat (fe “™* X dr) ets” (fe age X dx 
(a,—4a,) (a,—4,) (a, a,) (a4,--4,) (4,—4a,) (a, —t, a 
and so on for every successive factor, so that at last 


ef 17 ( fe a,x X dx) eta" ( /e~ 42" X dx) 











y=) - greg ape ai apa +&ec. 
P — -7 ) ( - —d, \( — ¢ a,—a 
(a,—a,)(a,—a,)... 4, —a,) (a, 1 (Gy — 4)...(@, ) 


int (er "Ayr bd ie 


7 
Uy) eves Wy 
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We shall leave to the reader the application of the general 
method to particular cases, and shall proceed to show how some 
equations, of an order higher than the first, may be conveniently 
solved without operating with each factor separately. 


For stance, if we take the example of the equation 


ay 
y¥ +S =a 09s ma, 
dx? 
d2 
or {1 + -—~) y =a cos mz; 
dx? 


d2\-) a@\- 
therefore y = (1 +7 ») a cos mx + (1 4 =) 0. 
ar 


dx? 
P\-1 ]-2 ]-2 
Now, (1 + - ) o= allt Jo 


dx? da~ dx~2 


d-2 
(1 , i) (ea + cy) 
/ d-* ad-* : 
(1 - B —" &e.) (ca + ¢,) 


5 


x x 
sie. (» ~ 723 7 12...5 7 se) 


xr ax ; 
ra, (1 -jo*t Taga 7 se.) 


=, sin x 4 ¢, COS a. 


> 


d2\~\ d? ds ee of 
Also, (1 + za) acos mx =a (1 — +—- &e.) COS MA 





da? dx? ~— dx 
m ‘ a 
=a(l + m® 4 m4 4 &c.) cos mx = ———~ cos ma; 
1 ~—m 
a . 
whence y = Toa 08 + ¢, sin x + ¢, cos 2. 
— m- 
Again, if we have the equation 
d’y dy 
a 
da? da 


where the binomial factors of operation are equal, it may be 
put under the form 
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I Also, 
© (+ . “0 d-2 1 ‘ rns 0 (1 ‘ d-) ) -2 
y dx 2) ~ dx a( - 27) ~ * da! m +) 
d-\ d~ , d-3 
= 4+. 9.2 —— SFP ae 4,23 — &e. ze ? 
(1 F dx~! + dx? dys — ) ers) 
Qu? 22% ‘ 
= 9 goed i 
= 6¢ (« { 12 + 3. —s | &e. ) 


9? 233° me 
= cr (1 + Ze + — + ay tk) 


92.2 2x? . 
+c, (1 + Qr t=5 + &e.) + 2e,v (1 + 2v + T2 +e.) 


\ 


= (¢, 4 Cyt) e2", if c + € C C15 
therefore we have 
2 4uv 6 > 
. » 1, 2©r 
yR at ot at (ar + et) . 


We might have omitted the latter part of this example, as it 
is easy to show, in the usual manner, what is the form of the 
complementary function when the two factors are equal, but we 
preferred the method given, as shewing how we may arrive at 
the same result directly. 

On looking back on the method pursued, it is easy to see the 
causes of some of the known peculiarities in the usual solution 
of linear differential equations with constant coeflicients. In the 
first place, their solution is attended with greater facility than that 
of other differential equations, because in fact y is given explicitly 
at once. In the next place, the exponential function which is 
assumed for the solution of these equations, is derived from the 


a d\ . 
binomial factors of operation, (a ~%) &e.; and as there are 
dx 

n factors in an equation of the x" order, there will be ” exponen- 
tial functions in the complete solution. Lastly, the equation 

(ad . 

f Ge y=X+0 

* \@ay” 


may be derived from the equation 


ia 0. 
J (z) -ivaeees 


by differentiation only; for in operating with each factor of the 


: d - : ; 
form - a? on NX, we have only to expand according to 
dx 


od . , poe 
powers of 7° and perform the operations indicated, and then add 
ar 
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a term which must be the saine as the term arising from the eorres- 
ponding operation in the equation 


; (5) 0 
i <a le 
J dx y 


The application of this method to linear differential equations 
with variable coefficients is attended with considerable difficulty, 
and indeed neither Brisson nor Cauchy seem to have made any pro- 
gress in the solution of these equations. There are, however, some 
which can be thus integrated, but we shall defer to a future number 
any observations we have to make on them, as well as the applica- 
tion of the same method to equations of finite and mixed differences, 
in which it is probably more useful than in differential equations. 

But, before leaving the subject, we would say a few words on the 
legitimacy of the processes employed in this method. In the pre- 
ceding pages we have spoken of treating the symbols of operation 
like those of quantity, so that at first sight it would appear as if the 
principles on which the method is founded, were drawn only from 
analogy. But a little consideration will show that this is not really 
the case, and that the reasoning on which we proceed is perfectly 
strict and logical. We have spoken as if there were a distinction 
between what are usually called symbols of operation, and those 
which are called symbols of quantity. But we might with perfect 
propriety call these last also symbols of operation. For instance, + 
is the operation designated by («) performed on unity, z*is the same 
operation performed 2 times in succession on unity, a@ + 2 is the 
operation (a + 2) performed on unity, (a +)" is the operation 
(a +x) performed x” times in succession on unity. By the phrase 
‘in succession” is to be understood, that the operations are per- 
formed, so to speak, successively one on the back of the other ; and 
perhaps it would be better to say, that the operation («) is repeated 
n times on unity. And in this x” is to be distinguished from na, 
which represents that 2 of the operations (#) on unity are taken si- 
multaneously. In the same way as a(1) represents the operation 
(a) performed on (1), a(x) would represent the same operation per- 
formed on x, and a"(x) would represent the operation repeated n 
times on (x). These operations are usually written ax, a"z. 

If, then, we take this view of what are usually called symbols of 
quantity, we shall have little difficulty in seeing the correctness of 
the principle by which other operations, such as we represent by 


dx 
whatever is proved of the latter symbols, from the known laws of 
their combination, must be equally true of all other symbols which 
are subject to the same laws of combination. Now the laws of the 
combinations of the symbols a, b, &e. are, that 


d ; : 
( ). (A), &e., are treated in the same way as a, 6, &c. For 


ae = AT 0... 50s Brrr rer GP 
a $b (x3 — b BEEN vsvesssncench Sy 
and a(w) | aly A(X AY) soe (3 
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And, if ff fi, &c. be any other general symbols of operation 
(fand f, being of the same kind) subject to the same laws of com- 
bination, so that 

S™.f* (2) = fim”) (x), ieeueane (1), 
S EGO =F, ES (aE 20000000002), 
and f(x) + f(y) =f et + Y)eeeee(3), 

Then, whatever we may have proved of a, b, &e. depending on 
these three laws, must necessarily be equally true of f, fi» &e. 

Now we know that the symbol (d) is subject to these laws for 


dd" (x) — diu*n) (¢) 


= (= )) = 5 (4 :)) " 
de \dy @)) = diy \aeg ©) 2) 


d(x) +d(y) =d(x+y), 
and the same is true for the symbol A. 
Hence the binomial theorem (to take a particular case) which has 
, : ; d d 
been proved for (a) and (6) is equally true for (— } and (- ) : sO 
dx dy 
that we require no farther proof for the proposition, that when w is 
a function of two independent variables x and y, 
d d n du d'- d 
ad" («) = ( dx +— dy) u= — dz" +n—— ,_ udx"'dy+... 

dx dy * dx" dx"—" dy 

But this reasoning will not apply in the case of those functions 
where the same laws do not hold. For instance, if we take the func- 
tion log, we have not the condition 

log (x) + log (y) = log (aw + y). 

But log (x) 4 log (y) = log (ay). 

Consequently the binomial theorem will not hold for this fune- 
tion, though a binomial theorem might possibly be deduced for it, 
if the expressions did not become so complicated as to be un- 
manageable. 

We have as yet only considered the combinations of operations 
of one kind, but in the preceding pages we frequently made use of 


: — ; F ; d 
operations of different kinds together, as in the expression (5 -a). 
dx 


Now so long as each of the operations is subject to the same laws, 
and that they are independent, that is to say, that the one symbol is 
not supposed to act on the other, the same deductions will follow as 
when the operations are of the same kind. Hence we assumed that 
as the expression 

a" 4 Ax"! 4+ Bo"? 4 &e. 4 S 
can be resolved into the factors 


(c — a,) (@ — dy) (@ — a,) &e. 
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The expression 
dn d" 
a a 
dam + * azn 


can be resolved into the factors 


6 (+ ) & i ) 
fia, a.) dp 7 2) ott - mS 


which is the foundation of the method we have explained. 


1 t n-2 
= + B-—x; + &e. + § 
1 dc 2 


om d \ 
But if we have united together such symbols as (< + *p the 
: Fp 
same result will not hold. For though (2) is an operation of the 
: d 
same kind as (a), yet it bears a different relation to (=). as by 
; dx 


the nature of this last operation it affects the operation (a), so that 
(= ) ; d $7 (2)2 
& i= (2 Is not equal to — 32@\(z 
dz’ { ir ” 


or the second law of combination does not hold with regard to these 
symbols of operation, and, consequently, theorems for other symbols 


d 
deduced from this law are not true for such symbols as (5 ) and 
b dx 


(a) together. It is this peculiarity with regard to the combinations 
d ' ; ' ai ; 
-— which gives rise to the difficulty in the 


da 


solution of linear equations with variable coefficients. 


of the symbols (2%) and 


Since this article was written, we have learnt that a report by 
Cauchy on Brisson’s Memoirs, which appears to have been favour- 
able, was rejected by the Academy of Sciences. We know not for 
what reason. 


r 
. 


VIL.—SOLUTION OF TWO PROBLEMS IN ANALYTICAL 
GEOMETRY. 


In one of the Problem papers for 1836 there is given the following 
problem: To draw a tangent to a curve of the second order from 
a point P without it. From P draw any two lines, each cutting the 
curve in two points. Join the points of intersection two and two, 
and let the points in which the joining lines (produced if necessary ) 
cross each other be joined by a line which will in general cut the 
curve in two points A, B. PA, PB are tangents at A and B. This 
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problem admits of a very elegant solution, which is applicable to 
many similar questions, and which we shall therefore lay before our 
readers. Taking the two lines drawn from P as coordinate axes, 
the equation to the curve is 
Aa? + Bay 4+ Cy?4 Da + Ey + F=0...... (1). 
Let the curve cut the axis of 2 in points M, M’, and the axis of 
y in points N, N’, and let PM =a, PM’ =a’, PN =6, PN’ — J’. 
The equation to the line joining MN is 
2 sy 
ow Lf = l; 
ao 
the equation to the line joining M'N’ is 


xv y saa. 
* i sual 


and, as at their intersection we may combine their equations in any 
manner, adding them we get 


1 l 1 1 
he mony ae “a oe a2 2.....4B) 
x (- 4 =) ty (j + i) &.....48) 


Again, the equation to the line joining MN’ is 


ee ee 
a a my 


and the equation to the line joining M’N is 


y 

4. ~— se} . 
a b 
at their intersection 


] 1 1 l 
e(t42) +u(5 + 5)=2 er (3), 
which is identical with (2), and therefore is the equation to the 
line joining the points of intersection. 
If, now, in equation (1) we make y =0, we get 

Ax? + Dz 4 F = 0, 
as the equation for determining a anda’. And, by the theory of 
equations, 


) 2 
atd=-5, ad = "53 

, | 1 D 
therefore - +-,=— =a. 

a a F 

1 E 
Similarly, = += = — 33 

imilarly b i - 


hence equations (2) and (3) become 
Dex 4+ Ey + QF = 0.........006(4)s 
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If, now, we were to change the coordinate axes, retaining the 
same origin, we should have to make in (1) substitutions of the 
form 

x= mer + ny, 
yo=me + ny. 

From the form of these it appears, that those terms which are of 
the second degree in # and y, would not in their changes affect the 
other terms; for every term involving x®, zy, and y?, would after the 
change involve only 2, a‘y', and y?. Similarly, the terms which 
are of the first degree would also change independently. And it is 
clear that the constant term F would experience no change at all. 
Now, if we were to make the substitutions in equation (4) the term 
2F would, as before, remain the same, and the terms Dx+Ey would 
suffer the same change as the same terms in the equation to the 
curve. From this it appears, that if the lines PMM’, PNN’ change 
their position so that the coordinates are altered, the equation (4), 
when deduced from the transformed equation (1), will be the same 
as when the transformation is effected directly on itself; which 
shows that the line represented by (4) remains fixed in position 
while the coordinate axes are changed. Now the coordinate axes, 
cutting the curve each in two points, as they change their posi- 
tion, will ultimately become tangents, and this evidently at the 
points in which the line, which we have shown to be fixed in posi- 
tion, cuts the curve. Hence follows the method given in the 
problem. 


In one of the problem papers for 1835, the following problem, 
which may be solved by the same principle, is given: If AB, A’B’ 
be any two chords in a surface of the second order, the locus of the 
intersection of AA’, BB’ is a plane. 

Take O the point of intersection of AB, A'B' as origin, OAB as 
the axis of 2, OA'B’ as the axis of y. Put OA =a, OB=a, 
OA'= 6, OB' =0. 

The equation to the surface is 

Ax? 4 A'y? + A"z? + Byz + Baz 4 Bay 
4+ Ce + Cy + C's + E = 0O......... (1); 
the equation to the line AA’ is 


the equation to the line BB’ is 


x | 


a 


2 
At their point of intersection we have, by adding the equations, 


r (; 4+ “) +y (; + i) i OPE, (2 
a a “\6 b 


= 1. 
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If, now, in equation (1) we make z= 0, y = 0, we have 
Az? 4 Cx 4+E=0 


as the equation for determining a and a’; whence 


, ? ; E 
a a= aa = -; 
+ rt A 
' ] ] c 
therefore - + — = — =. 
a + a’ E 


Similarly we should find 
1 1 C 
b 
whence equation (2) becomes 
Cr + Cy + 29E= 0. 

Now this equation may be considered as the equation of the line 

in which the plane whose equation is 
Cz + Cy + C’z + 2E = 0.........(3) 
cuts the plane of ay. 

And, as in the last problem, we may show that the plane repre- 
sented by equation (3) remains fixed in position ; so that the locus 
of the intersection of AA‘, BB’ is a plane fixed in space, and de- 
termined by the equation 

Cz + Cy + C’z + 2E—0. 
R.S. 


VIL—PRINCIPAL AXES OF ROTATION. 


Tue moment of inertia of a system about an axis, which passes 
through the origin of coordinates, and makes angles a, }, y with 
the axes of 2, y, z, is equal to 
fsinta + gsin?B +h sin? y 
— 2F cos 3. cos y — 2G cos y. cos a — 2H €os a. cos (3, 
where f = /x*dm, g = Sy’dm, h = [2dm, 
and F — Syzdm, G= [zadm, H = fxydm. 

This expression will be much simplified if we can assign to the 
coordinate axes such a position as shall render the corresponding 
values of F, G, and H equal to zero. 

To discover whether this be possible? let us suppose the system 
referred to three rectangular axes of coordinates 2’, y', 2, which 
make angles with the axes of x, y, z, whose cosines are a, b, e; 
a, b, ¢ and a’, b’, ec’ respectively. Between these nine cosines 
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there are six equations of condition, so that there remain but three 
to be satisfied in order to determine the position of the new axes. 
We require then that 


Jyzdm=0, fzx'dm=0, /a'ydm = 0. 
Now we have 
a=ar+ay +a’z.........(1) 
y = ba' + by + bz ........(2) 
z=er+ecy' + c"Z.........(3) 
and a sar +by +z ..... ....(4). 
Multiplying (1) by «dm, and integrating, we have 
fxz'dm = af x'*dm, 
the other terms vanishing by the conditions. 
Also, multiplying (4) by adm, and integrating, we have 
[ax'dm = afx*dm 4- bfxydm +4 cfxzdm 
=o +46.H4¢.G 
= afx'*dm 
by the last equation. 


Putting fx'*dm = X, and transposing the terms of the equation, 


we have 

a.(f—X)+6.H+c.G=0.........(5). 
Treating the equations (2) and (4), (3) and (4) in the same manner, 

putting only y and z respectively in place of 2, we obtain 
a.H+6.(g— Xj)+ec.F =0......... (6) 
a.G+b.F+c.(h — X)=0......... (7); 

and then eliminating the quantities a, 6 and e from equations (5), 

(6) and (7), by the method of cross multiplication, we obtain the 


equation ; ; 
(f — X)(g — X) (kh —- X) 

— F2.(f— X) — G?(g — X) — H*® (4 — X) — 2FGH = 0, 
which is that arrived at p. 267, Whewell’s Dynamics. We should have 
obtained the same equation for Y = fy'*dm, or for Z = fz'2dm, and 
therefore, as it may be shown that the three roots of the cubic are 
real, they are the values of X, Y, and Z. 

P. 
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VIIL—ANALYTICAL GEOMETRY OF THREE DIMENSIONS. 
No. I. 


Tue series of articles which we intend to give on this subject are 
chiefly designed to exhibit the advantages of mathematical sym- 
metry. The French writers have commonly been more attentive to 
this than; our own, and it may be seen frequently exemplified in 
Leroy’s Analyse appliquée a la Géometrie des trois dimensions. 
But neither he, nor any other person that we know of, has made 
any use of the following symmetrical form of the equations to the 
straight line, though he mentions it, page 17, 2nd edit. 


1. Let a’, y’, 2’ be the coordinates of any fixed point through 
which the line passes; and A, p, », the angles which it makes with 
the axes of coordinates, supposed rectangular, then 

e—e yy _z-27 
a wae oa oo (1) 
are the equations to the line. 


If the angles between the coordinates be any whatever, and if 
l, m, n, be the ratios of the projections of any portion of the line 
on the axes of coordinates, to that portion, the projections being 
made by planes parallel to the coordinate planes, then the equations 
to the line are 
e—-e yy z—2 

o_o oe 
The demonstration of this is very simple. 





Let r be the length of the portion of the line between the points 
(x, y', 2’), (x, y, z), then the projections of r are 
lr, mr, nr. 
But these projections are also 
g2—-x, y—y, z—2. 
Equating these values, we obtain 
Z—-2 yy  z—2 , 
——SS= = —_— SO ——— 2). 
l m n (2) 
It will frequently be convenient to introduce the quantity 7 in 
investigations. 
2. If the angles between yz, zx, xy be denoted by yz, zx, xy 
respectively, 


7? — 924 y? 4 224 Qy2 cosyz 4+ Qzncoszxr 4+ Zrycosay...... ..(3); 
therefore 
P 4m? +4. n?+-Qmn cos yx + 2nl cos zx + lm cos xy =1.....-.4, (4) 


is the relation connecting /, m, ” 
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3. It is evident that if L, M, N be any quantities respectively 
proportional to /, m, , the equations to the line may be written, 
caw yy _ 2-2 
—" -" © 
4. We shall not stop to prove the expression for the cosine of 
the angle contained between two lines, in terms of the angles which 
they make with a system of rectangular coordinates, but proceed to 
the more general proposition of finding the angle between two 
given lines, the angles between the coordinates being any whatever. 
Let the equations to two straight lines parallel to the given lines 
and passing through the origin, be 


l m n 

’ ae | Coe eeeee eveee (5), 
. = y =. ~ =e r 

I m n J 


and let @ be the angle between them. 
Then the square of the distance between the extremities of the 
lines 7, 7”, is 
‘ U / . 
r2 — Orr cos 8 4 7%.......00000000(6)3 
but it is also the same as the square of the distance between the 
points (2, y, z), (2’, y', 2’), which by the expression (3), § 2, is 
!\2 — )2 z— 2'\2 
(2 — 2 P + (y—yP + (2-2) 
+ 2(y —y’') (z — 2) cos yz + 2(z — 2’) (a@ — 2’) cos za 
, U 
+2 (0 — 2’) (y —y) cos zy 
« © ’ / f / / 
=r 4 r?— 2 Sna' + yy! 4 22 + (yz 4 yz) cos yz 
, / ‘ 
4 (zx 4 2x) cos zx + (ay 4 ay) cos xy} ......(7). 

Equating the expressions (6) and (7), substituting for x, y, z, 
av’, y’, 2’, in terms of 7 and r from equations (5), and reducing, 
we get 

Ul U 
cos 0 = Ul + mm! + ni! + (mn! + m'n) cos yz + (nl + nl) cos zx 
+ (dm! + Tm) cos ry... cee ...(8), 
which is one expression for cos 6. 

If the two lines coincide, so that 6= 0, 7 =/, m' =m, and 
n' =n, equation (8) becomes the same as the equation (4) ex- 
pressing the relation between J, m, n. 

If the axes be rectangular, cos yz, cos zx, cos xy, are each = 0, 
and (8) becomes 

cos 0 = Ul 4 mm!’ + nv’, 
I, m, n, U', m', n' becoming in this case the cosines of the angles 
which the two lines make with the axes. 

5. Let the angles which the first line makes with the axes, in 

5 » . 
the general case, be \, ps, v, we may deduce from (8) the values of 
A, wy v, in terms of /, m, n. 





th 
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For suppose the second line to coincide with the axis of x, then 
8 becomes A; and by considering the signification of these quan- 
tities, it will be seen that 7 becomes 1, m' and 7’ each become 0. 
Hence (8) reduces to 

cos \ = 1 + n cos zx + m cos Ty) 
In like manner, cos p = m +4 7 cos yz + lcos pg eiideuee (9). 
and cos y =” 4+ m cos yz + 1 cos 22. 

6. We may now obtain a shorter expression for cos @. Multiply 
equations (9) by 7, m',n' respectively, and add the products; then 
the second member of the resulting equation will be identical with 
the second member of (8), therefore 

cos 0 = T cos x fe m' cos p+ M! COS Viseceoees (10). 


This equation is remarkable for being of the same form as when 
the axes are rectangular. By supposing the two lines to coincide, 
we obtain from it 

TcosX + mcos p + n COS v = La...seeee ee (11), 
a relation between these quantities independent of the angles be- 
tween the axes. 


7. The values of /, m, n, in terms of A, p, v, may be easily found 
from equations (9,) by cross multiplication. 

We may also substitute the values of 7, m’, n’, in terms of 
X’, w’, ’, in (10), and thus obtain an expression for cos @ in terms 
of the angles which the lines make with the axes. 


8. From (10) we obtain for the condition, that a line which 
makes angles \, », v with the axes, may be at right angles to a line 
whose equations are 


w—-xv y-y Z2—2 





. oo - — = 
U cos X +m’ cos p + 7 cos vy = 0.........(12). 
Another form of the condition may be obtained from (8). 

9. To obtain the equation to the plane, we shall consider it as 
generated by the motion of a straight line which always meets a 
fixed straight line, and remains parallel to a given position. 

Let the equations to the generating line be 


r—o’ cacstiaal z— 2 

a wie _— 

l m n 
and those to the fixed line, 

v—a y-—-b 2z-e ; 

—— == = r. 
Z m n 

Hence, 
a—_2=l, y—y=mr, 2z2—2=nar; 


a—aslr, y ~-b=mr, 2 -~c=nr. 
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Adding these equations, so as to eliminate 2’, y’, <’, 


z—a slr + Ir, 
y—b=mr + | 
z—e=ar+nr 
Let a, B, y be the angles which a line perpefidicular to both the 
former, makes with the axes, so that, according to (12), 
eos a 4+ mcos 3 + 2 cos y = 0,) 
I’ cos a + m' cos f 4 n' cos y = 0,5 
then, multiplying equations (13) by cos a, cos (3, cos y, respectively, 
and adding, 7 and 7’ disappear, and 
(x — a) cosa + (y — b)-cos B + (2 — ec) cos y = 0.........(15), 
which is the equation to the plane. This equation proves Euclid, 
book XI. prop. 4, for if p be the distance of the points (a, y, z) and 
(a, b,c), x—a, y—b, z—c, are the projections of p on the axes, 
and the equation 


voee(13)e 


x—a y—b 

— cosa + 

P Pp 

shews that the line which makes angles a, 8, y with the axes is 

perpendicular to p, that is, to any line which meets it in that plane, 
and therefore it is perpendicular to the plane. 





z—c 
cos B + — cos y = 0 


10. It is easy to derive from (15) other useful forms of the equa- 
tion to the plane. We may suppose a, b, c, to be the coordinates of 
the point where the perpendicular from the origin on the plane 
meets it; then if the length of the perpendicular be 6, we have by 
(11), since a, b, ¢ are the projections of 6 upon the axes, 

< cos a 4. : cos 3 + = cos y = 1, 
5 
whence 
x cosa +y cos PB 4 z cos y = 0........-(16). 
11. The sine of the angle between the line whose equations are 
w-—-@  y-y _2-2 
to om ee i 
and the plane whose equation is 
x cosa + ycos B + z cos y = 6, 
is the same as the cosine of the angle between the line and the per- 
pendicular to the plane, which, by (10), is 
Lcos a + m cos (3 + n cos y. 

If the line be parallel to the plane, this must be equal to 0. If 

the line be situated in the plane, we must have, in addition, 

a cosa + y' cos B +2 cos y = 6. 
When the coordinates are rectangular, the conditions that the line 
may be perpendicular to the plane, are 


l=cosa, m= cos}, n = Cos y. 
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12. To find the perpendicular distance from a given point 

(z’, y', 2) to the plane represented by 
xcosa + ycos B + z cos y = 6. 

Let a parallel plane be drawn through the point (2’, y’, 2’), then 

its equation will be 
(a — 2) cosa + (y — y’) cos B + (2 — 2) cos y = 0. 

The required perpendicular will evidently be equal to the differ- 
ence between the perpendiculars from the origin on these two 
planes 

= (x cosa + y' cos B +2 cos y) WO. 
13. To find the shortest distance between two lines, whose 
equations are 
z@—a y— 6 z-—e } 
ooo aes ee | o 
Pansies (17), 
w-a y-v z-e ; 
7) a oe 
referred to rectangular coordinates. 
If D be the distance of two points in the two lines, 
D? = (e— a) + (y —y) + (2 — 2. 
Now a, y, z are each functions of 7, and a’, y', 2’ of 7’; but r and r 
are independent, therefore, when D is a minimum, 
(a — a’) dx + (y—y') dy + (2 —7) dz =0, 
(a — a) du + (y—y) dy + (z—7)dz=0. 


But 
dx dy dz 
7 =-—- = - = dr, 
l m n 
dx’ dy dz : 
oS i a a, 
l m n 


Substituting in the preceding equations, 
U(a—av)+m(y—y)+n(z—-7)=0) 
l(a —-x)+m(y-—y)+n(z -7)= of 
From these equations we see that the coordinates of the ex- 
tremities of the shortest distance satisfy the equations to two planes, 
respectively perpendicular to the two given lines. The line of the 
shortest distance is therefore the intersection of these two planes, 
and therefore perpendicular to both the given lines. 


The six equations (17) and (18) determine the values of the six 
coordinates 2, y, 2, «, 7,2. The best way to solve them would be 
to substitute in (18) the values of the coordinates in terms of 7 and 
r obtained from (17): thus we should have two simple equations 
for determining 7 and r’, the values of which being found, those of 


the coordinates would be known. 


G 
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The value of the least distance may easily be determined by sup- 
posing two planes, parallel to one another, to pass through the 
given lines. These planes will therefore be perpendicular to the 
least distance, and their equations will be 


(x — a) cosa + (y — 6) cos B + (z — €) cos y = 0, 
(a —a')cosa 4 (y — B) cos B + (z — €) cos y = 0, 
cos a, cos /3, and cos y being determined by the equations 
Leos a + mecosf + neos y = 0, 
l cos a + m'"cos B 4+ n' cos y = 9, 
(cos a)? + (cos 3)? + (cos y)? = |. 


The least distance of the lines will be the perpendicular distance 
of these parallel planes, or the difference of the perpendiculars 
upon them from the origin, which is 


+ $(a — a’) cosa + (b b') cos B + (ec — ¢) cos y2. 
SI 


IX.—NOTE ON THE THEORY OF THE SPINNING-TOP. 


THE manner in which friction causes a spinning-top to raise itself 
into a vertical position, has never, as far as I know, been distinctly 
shown. Euler gives the following explanation, which will be found 
in a note to Whewell’s Dynamics, p. $24. “ The friction will per- 
petually retard the motion of the apex of the instrument, and at 
last reduce it to rest. If this happen before the top fall, it must 
then be spinning in such a position that the point can remain sta- 
tionary; but this cannot be if it be inclined. Hence it must have 
a tendency to erect itself into a vertical position.” This reasoning 
is not only of the most vague and inconclusive kind, but is remark- 
able as being directly the reverse of the truth. For when the fric- 
tion acts so as to retard the apex, it tends to make the top fall; and 
it is only when the friction accelerates the apex, that it causes the 
top to raise itself into a vertical position. 

It is well known, that if a body have velocities communicated to 
it about different axes, which are represented by distances taken 
along these axes, proportional to the velocities, all the rotations 
being considered as “ right-handed” or “left-handed” rotations, 
being represented by taking the distances in the negative direction, 
then the axis and magnitude of the resultant rotation will be repre- 
sented by the resultant of these lines combined as lines representing 
forces. 
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Suppose, now, a top, whose apex is a mathematical point, to be 
spinning on a smooth horizontal plane in an inclined position, and, 
for distinctness of conception, let this be the plane of wy, and let 
the axis be in the plane yz. 

The action of gravity will tend to make it fall, by giving it a 
motion of rotation about an axis parallel to that of x. The angular 
velocity this would communicate in an instant of time may be re- 


presented by a line in the direction of — a. The combination of 
these two will cause the instantaneous axis to move a little towards 
the axis of — x, and the axis of figure to follow nearly in the 


same direction, and the effect will be a precessional motion of the 
top in the same direction as the rotation, combined with a nutation 
which we do not here consider. Consequently, the centre of 
gravity remaining in the same vertical line, the apex will describe 
a circular path “with the Sun.” 

If the plane be rough, the apex will endeavour to describe the 
same path, but will be constantly retarded by friction, which at the 
instant we consider will be a force pulling the apex in the direction 
of — x, which will tend to produce a rotation about an axis per- 
pendicular to a plane passing through the direction and the centre 
of gravity, or lying between the axes of y and —z. The com- 
bination of this with the original rotation will thus cause the axis of 
the top to approach the axis of y, or to fall. 

Hitherto we have supposed the apex of the top to be a mathe- 
matical point, which can never be exactly the case; the real apex 
will be a surface. If we consider the top as terminated by a 
portion of a sphere, it will be seen that the top spins on no parti- 
cular point, but that each point in the circumference of a small cir- 
cular curve is successively in contact with the plane, the diameter 
of the curve increasing with the inclination of the top. 

Conceive, now, the top spinning in its original position, and with 
no precessional motion, the apex will endeavour to roll along the 
axis of x; if it is prevented from rolling, there will be a rubbing 
friction tending to pull the apex in that direction. 

Suppose, now, the top to spin freely—the precessional motion 
makes the apex move towards a: if this velocity is equal to the 
rolling velocity, there will be no friction called into action, and the 
top will spin as if on a smooth plane. If the precessional motion 
be greater than the rolling motion, there will be a retarding friction 
which will cause the top to fall. But if the rolling motion is quicker 
than the precessional, there will be an accelerating friction which will 
tend to raise the top. 

It is easy to show, by means of a teetotum, that this theory agrees 
with experiment. If the apex be cut to a point, no velocity we can 
communicate will make it spin upright; if the apex is rounded, as 
it usually is, the instrument will rise at first, and then fall gradually, 
the increased diameter of the circle in which it touches the plane 
compensating for the diminishing velocity of rotation and the in- 
creasing velocity of preecssion: or if the end be a cylinder cut 
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perpendicularly to its axis, in which case this compensation does ( 
not take place, it will be found that the teetotum spins upright for 
some time, and then falls very suddenly as soon as the direction of 

friction changes. 


nH. 7. 


X.—ON THE SOLUTION OF CERTAIN TRIGONO- 
METRICAL EQUATIONS. 


THERE are several trigonometrical equations whose roots can be 
readily obtained by taking into consideration their connection with 
the general binomial equation whose last term is unity. If for 
example we have the equation 

cos 6 + cos 20 + cos 36 +....-+cos (zn — 1)0 = 0, 
we can find its roots by means of the equation 

a*—-1=0. 
We know that the roots of this last equation are of the form 
+1, coso + Y—1 sing, cos2o + f—l sin... 
cos (n—1) go + v= sin (m— 1) ¢. 

Now as the equation wants the second term, the sum of its roots 
must be 0; and as the possible and impossible parts do not affect 
each other, they must be separately equal to 0; also, as the roots 
+1 and —1 destroy each other, there remains 

cos @ + cos 2g + cos 39 +... cos(m —1)9=0. 

Comparing this with the original equation, we see that the former 
will be satisfied by making @ = 9. But to determine 9, we have the 
equation 

(cos ¢ + V ~—1 sin 9)" —1=0, 
or cos 2ng'+ 4/ —1 sin 2no = |. 
Whence, as the possible and impossible parts are independent, 
cos 2ng = 1, sin 2xg = 0; 
which give 2ng = 2mz, 
mr 
or =e 
? n’ 
where m has any integer value from 0 to 2, making in all » + 1 
values of ¢. But two of these cannot be taken as values of 0, as we 
excluded the roots + 1 and — 1, which correspond to the values 0 
and x of m. So that 6 will be found from the equation 


where m has any value from 1 to » — 1, making in all m — 1 values 
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of 6 which answer the given equation. In exactly the same way we 
might shew how to solve the equation 
cos 6 + cos 30 + cos 50+ .... + cos(2Qn —1)0=0. 
For its roots would be deduced from the equation 
(cos 0 + V —1 sind)" + 1=0, 


or cos 2n0 + Y—1 sin 2n0 = — 1; 
which gives cos 2n0 —= — 1, sin 2n0'= 0. 
Therefore 2nO = (2m + 1)7z, 
2m + 1 
and 06 = de ed ; 
Qn 


where m has any value from 0 to x — 1, giving on the whole x 
values of 6 which satisfy the equation. 
Similarly, the equations 
1 + cos 6 + cos 20 + cos 30 + .... 4+ cosnd = 0, 
and cos@ 4+ cos 30 + .... + cos(2a — 1)0=1, 
may be solved by means of the equations 





enti —lj= 0, 
and: gt) 4] = 0, 
For the first we shall have 
=e Qmr 
~ mel 


where m has ” values from 1 to x. 
For the second we shall have 
Qm + 1 
2 —— 


~ n+l 


where m has n values from 0 to  — 1. 





; 


The same method may be extended to other equations. For the 
roots of 2?" — 1 = 0 being of the form 


cos @ + Y —1 sin o 
If we multiply each by cos a 4 V —1 sina, it becomes 
cos (a + @) + Y—Isin (a + ¢). 
But the sum of the roots will still remain equal to 0 when mul- 
tiplied by cosa + —1 sin a, and taking away the terms which 


destroy each other, there will remain 
cos (a + @) 4 cos(a@ + 2p) + cos (a 4+ 3h) 4+ ++-- 
4+ cos fa + (n— 1)9? = 0, 
consequently the equation 
cos (a + 0) + cos(a 4 20) 4 .... + cos fa 4 (n — 1) 03 =O, 
will be satisfied by the same values of @ as the first of the given 
equations ; and similarly we might proceed with the others. 


F. 














XI—MATHEMATICAL NOTES. 


Unper this head we propose to insert new demonstrations of 
known theorems, solutions of interesting problems, and in general 
short notices of methods of mathematical investigation which are 
likely to be useful to all classes of students in this university. 

1. Elimination by means of Cross Multiplication. This is a 
convenient mnemonic rule for elimination, applications of which 
continually occur in various branches of analysis; and references 
to which have been frequently made in different articles of this 
number. : 

If we have three symmetrical equations, 

Ax + By + Cz _pererereren | 5 
f > \ oo == 4 
A,z + Buy + Cyz = Dy..........00000(2)) 
Ag + By + C,z = Dg...............(3), 
between which we wish to eliminate y and z; we can perform the 
operation at once by the following rule: 
Multiply (1) by B,C, — B,C,, 
(2) by B,C — BC,, 
¢ » ’ 1 
(3) by BC, — B,C, 
and add. It will be found on trial, that the terms involving y and z 
disappear, and we obtain 


$A (B,C, — B,C,) + A,(B,C — BC,) + A, (BC, — B,C} x 
= D(B,C, — B,C,) + D, (B,C — BC,) + D, (BC, — B,C), 


from which x is known. And in a similar manner we might deter- 
mine y and z by eliminating x and z, and a and y successively. 


If D=0, D,=0, D, = 0, the second side of the equation 
disappears, and as 2 divides out, we have, as the result of the 
elimination of 2, y, z, the equation 

A (B,C, — B,C) + A, (B,C — BC,) + A,(BC, — B,C) =0. 

As examples of cases in which this method is of great advantage, 
we may notice the investigation of the cubic equation of condition 
for the existence of three principal axes of rotation, and of three 
principal diametral planes in surfaces of the second order, and the 
demonstration of the properties of conjugate diameters in these 
surfaces. It is also of great use, in finding the equation to the 
osculating plane, and the radius of absolute curvature, if all the ex- 
pressions be put in a symmetrical form. The form of the multi- 
pliers may be easily deduced by Lagrange’s method of indeterminate 
multipliers, and their symmetry greatly facilitates the practical ap- 
plication of the method. 
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2. To find ; and < in the Planetary Theory. The following 


method, by the introduction of a subsidiary quantity, simplifies 
greatly the analytical operations, and more particularly avoids a 
very troublesome integration. (Airy, p. 94, Pratt, p. 331.) 
Taking the equations of elliptic motion, 
RE Se AE 6 GIN Wise cccucecasccssncssohhyy 


Uu / 1 = @¢ 06—w 
tanz = z tan 3 aicesaces (2). 
= 1+e o 
Differentiate (1) with regard to e, considering ¢ as constant, and 
take the logarithmic differential of (2) with regard to the same va- 
riable. Then we have 














lu 
0= . (1 — ecos wv) — sin w............(3), 
1 du 1 ] dé 
ae Te in oo aie tai Taig 4). 
sin wu de 1] — e? + sin (0 — w) de (4) 
Eliminati : * and observing that 
‘liminating de? rving tha 
l—~ecosu= Bows - 
leila + e cos (0 —w)’ 
anil 1 dd 2 +4ecos(0@—w). 
* BS sin (0 — w) de l-@ 
. ~ . sili: 
abies dé __ sin (6 w) §2+4 e cos (0 — w ; 
de 1—e 
Again, we have r=a(l —ecosw). 
d . 1 
Therefore — = —acosu + ae sin u a. 
de de 
ee ' 
Eliminating ae by means of (3), 
dr ae sin? u a cos u + ae 
— = — acosu+ ——— = —- —_—_ 
de 1 — ecosu 1 — ecosu 
d 108 u — 
Therefore “ = —“ acne = — acos(0—w). 


de 1—ecosu 
Te 


3. Evolute to the Ellipse. The equation to the evolute of the 
ellipse may be found very readily by considering it as the locus of 
the ultimate intersection of consecutive normals. 


Let 


x y 
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be the equation to the ellipse. Then the equation to a normal 
passing through a point 2, y, will be 
B(B—-y) a(a—2) _ 


y x 


0, 





2) 2 
or - ~~ a® — 5? 
y x 
where a and /3 are the coordinates of the normal itself. To find the 
locus of the ultimate intersection of the normals, we must differen- 
tiate considering a and ( as constant, 2 and y as variable. We 
then have from equations (1) and (2) 


adx , ydy 
+4 


b°Bdy _ a’adx 


y? 2 
(3) + (4) gives, on equating to 0 the coefficients of each dif- 
ferential, 
LX aa hy bp 


a ro " B y 
Multiply the first of these by a, and the second by y, and add. 
es ys b23 . 
Then A (= i) =A — — 
a’ *? y x 
Substituting 


Therefore 


being substituted in the equation to 


b 


x 
and these values of — and y 
a 


the ellipse, give 


ata + b3 Bi = (a? — 52)}. 


ERRATUM. 


Page 4, line 10, dele the words “the force of restitution may be taken 
as proportional to it, so that.” 








